Raman process is used for generation of nonclassical states and subsequent applications due to its simplicity. In view of the experimental feasibility of the off-resonant Raman process at single photon level useful in long distance quantum communication and quantum memory, we perform here a detailed study of possibility of generation of nonclassical states under off-resonance conditions. Specifically, we have studied nonclassicality in the off-resonant Raman process with the help of a characteristic function written using more general solution than the conventional short-time solution under complete quantum treatment and established the significance of frequency detuning parameter in generation of nonclassical states. The obtained characteristic function remains Gaussian and reveals that larger values of frequency detuning parameters are favorable to induce nonclassicality in some cases. The single-and two-mode squeezing and antibunching as well as intermodal entanglement are reported in terms of experimentally accessible quantum noise fluctuations considering either phonon mode coherent or chaotic. Subsequently, the joint photon number and integrated intensity distributions are studied to analyze the performance of pair generation in Stokes-phonon and pump-phonon modes. The present study discusses the role of resonance conditions in generation of nonclassical states and establishes that experimentally controllable detuning parameter can be used to probe and enhance the generated nonclassicality.
I. INTRODUCTION
The role of nonclassical states is inevitably at the core of the recent growth in quantum information processing and technology. Moreover, the future development of the field depends upon our theoretical understanding of nonclassical phenomena and experimental availability of the physical systems and processes able to generate such states. Specifically, the quantum states with negative Glauber-Sudarshan P function [1, 2] are known as nonclassical states due to unavailability of a classical counterpart for such states. These nonclassical states can be generated from nonlinear optical couplers [3, 4] , BoseEinstein condensates [5, 6] , optical [7, 8] and optomechanical [9, 10] cavity systems as well as nonlinear optical processes, such as parametric down-conversion [11, 12] , four-wave mixing [13] , Raman and hyper-Raman scattering [14, 15] (see [16] for review). A few examples of nonclassical states useful in quantum information processing are single photon source (which is an antibunched state) [17] , squeezed [18] , entangled [19] , steerable [20] , and Bell nonlocal [21] states particularly used for quantum cryptography and quantum random number generation [22] . Entangled states have applications in quantum metrology [23] , teleportation [24] , and densecoding [25] , too. Squeezed states are also used in quantum metrology [23] , teleportation [26] , and detection of gravitational wave [27, 28] . quency) mismatch is also introduced in [42] . A perturbative technique to obtain time evolution of operators in a more general form than that of short-time solution is also used recently for Raman process ( [35, 36] and references therein). The solution obtained using this technique is more general, as the short-time solution reported in [16] can be obtained by neglecting terms beyond quadratic, and intrinsically comes in the form of frequency detunings in Stokes and anti-Stokes generation. The frequency detuning is experimentally a relevant condition as the Stokes and anti-Stokes generations are expected to be high for the resonant Raman conditions, but which are often hard to achieve in an experiment. In some experiments [43] [44] [45] [46] [47] , large detuning has its own advantages. The present solution may be useful in highlighting such benefits in the generation of nonclassicality in the offresonant Raman processes. However, in the past, no such attempt has been made. Therefore, here we set a twofold motivation. Firstly, whether the characteristic function obtained using a more general solution than short-time solution [15, 35] remains Gaussian or not. In the past, it has been observed that a more general Raman processhyper-Raman process ( [15] and references therein)-has non-Gaussian characteristic function also for the shorttime solution [51] . Secondly, to probe nonclassicality in the cases when short-time solution failed to detect it using a more general solution [15] .
The rest of the paper is organized as follows. Section II is devoted to a brief discussion of the Hamiltonian describing the Raman process and corresponding characteristic function. Subsequently the obtained characteristic function assuming all modes initially coherent is used to study a set of nonclassical features in Section III. In the next section, characteristic function is obtained considering phonon mode chaotic, and a brief discussion of nonclassical features follows. Thereafter, joint photonphonon number and integrated intensity distributions are obtained in Section V, which are further used to obtain difference and conditional number distributions in Section VI before concluding in Section VII.
II. RAMAN PROCESS AND THE CHARACTERISTIC FUNCTION
The Hamiltonian for the stimulated and spontaneous Raman processes in a complete quantum mechanical description is [16] 
where H.c. stands for the Hermitian conjugate. The subscripts L, S, V, and A correspond to the laser (pump), Stokes, vibration (phonon), and anti-Stokes modes, respectively. The annihilation (creation) operator a j (a † j ) corresponds to the jth mode with frequency ω j . Also, g and χ are Stokes and anti-Stokes coupling constants, respectively. The Sen-Mandal perturbative solution of Hamiltonian (1) is reported in ( [15] and references therein), which is
(2) The functional forms of the coefficients in the SenMandal perturbative solution f i , g i , h i , and l i is reported in Appendix A for the sake of completeness. Here, we use the Sen-Mandal solution (2) to write the normal-ordered characteristic function C N ≡ C N (β L , β S , β V , β A ) to describe the Raman process [16] as
where c.c. stands for the complex conjugate. We assume the set {L, S, A, V } ordered, and the terms B j , C j , D jk , and D jk correspond to quantum noise fluctuations [16] . In the present case, the obtained quantum noise fluctuation terms, considering all four modes coherent, are as follows
(4) The rest of the terms in Eq. (3) are zero. The solution (2) used to write the characteristic function is already mentioned to be more general than the short-time solution, and one can verify that the quantum noise terms can be reduced to the corresponding short-time counterparts in the limiting case [16, 34] . For example, B L (t) reported in Eq. (4) can be written as |χ| 2 t 2 |ξ A | 2 up to quadratic terms in t, which is same as reported in [16, 34] written in the interaction picture. It is noteworthy that the perturbative solution (in Eq. (2) and Appendix A) inherently contains ∆ω 1 = (ω S + ω V − ω L ) and ∆ω 2 = (ω L + ω V − ω A ), which can be defined as frequency detuning in Stokes and anti-Stokes generation processes, respectively. Thus, in what follows, without loss of generality, we will consider phase matching conditions to focus only on the effect of frequency detuning on nonclassical properties.
Even if the Sen-Mandal finite-time solution up to the second order in the interaction constants leads directly to Gaussian statistics for Raman scattering, we can follow this matter also from the point of view of its relation to the short-time approximation. In the finite-time approximation, we substitute time t by
≈ itsinc(∆ωt), as the real part of this expression is small and negligible with increasing frequency detuning. Hence, the short time t can be increased up to unity over the coupling constant appropriate for the finite-time solution because it is cut by the sinc function. Thus, the finite-time solution describes frequency transient effects and for frequency tuning the finite-time solution reduces to the short-time solution. In general, terms in (2) involving f 4 and h 4 occurring additionally to the short-time terms [16] are negligible. In what follows, we will discuss the nonclassicality in photon and phonon modes considering all the modes initially coherent.
III. NONCLASSICALITY CONSIDERING PHONON MODE COHERENT
We can use the obtained characteristic function (3) to observe the nonclassicality in all the photon and phonon modes in Raman process. Here, we use a set of nonclassicality criteria to discuss the possibility of observing corresponding feature in the process of our interest.
A. Intermodal entanglement
The condition for entanglement can be written as an inequality involving the terms of the characteristic function defined in Eq. (4) as [12] (
(5) Specifically, the negative value of even one of these two criteria is the signature of intermodal entanglement in mode i and j.
From the present solution, we have obtained parameter (K ij ) ± for different combinations, and obtained
and
while the rest of the combinations yield value zero. Here, we have written I i = |ξ i | 2 as the intensity of ith mode. One can notice that the values in the right-hand side for (K LV ) ± and (K SV ) ± are always negative. Thus, showing that the phonon mode is always entangled with both pump and Stokes mode. While in the domain of the validity of the present solution, we could not establish the presence of entanglement in the rest of the combinations. Though the present results do not discard any such possibility of observing entanglement due to use of a perturbative solution here. Also note that the Stokes-phonon entanglement can be observed in spontaneous process as well, while pump-phonon entanglement can only be observed under partial spontaneous (i.e., when I A = 0 initially) or stimulated conditions. We have already mentioned that different terms in the characteristic function can give corresponding short-time solution terms in the limiting case. Similarly, the nonclassicality witnesses studied in Ref. [34] can also be obtained as a special case of the expressions obtained here. As a particular example, (
. All the results reported in [34] can be obtained in the limiting case of the present expressions, therefore we will not discuss this point further.
B. Sub-shot noise
Another two-mode nonclassical feature is sub-shot noise. The condition for sub-shot noise can be written as [34] 
(8) Interestingly, in the present case, we have obtained using Eq. (4) in Eq. (8) that C ij = 2 (K ij ) ± ∀i, j. Thus, we have shown that sub-shot noise can be observed in all the cases when intermodal entanglement is present. Thus, pump-phonon and Stokes-phonon modes have sub-shot noise.
C. Single-mode and intermodal squeezing
Inspired by the applications of single-and two-mode squeezing [18, 52, 53] , we will further study squeezing in these cases. The criteria of single-mode and intermodal squeezing are [16] 
respectively. Using Eq. (4) in Eq. (9), we obtained the following expressions for squeezing witnesses corresponding to the pump and phonon modes
while the rest of λ i ≥ 1. Therefore, one can clearly conclude that Stokes and anti-Stokes modes do not show any signature of squeezing. From the obtained expressions for squeezing (11) , we obtained that λ L < 1 which is consistent with the nature reported in corresponding shorttime case [34] . However, for the Stokes modes, shorttime solution failed to detect squeezing whereas analysis of the obtained result (11) revealed that λ V < 1 for specific values of frequency detuning. From Fig. 1 (a), one can clearly see that with a proper choice of frequency detuning in Stokes generation process, squeezing can be observed in the phonon mode as well. This shows the advantage of using a more general solution than shorttime solution as it has successfully detected squeezing which was not observed previously [34] . This also establishes the frequency detuning parameter as a control to enhance/induce nonclassicality in the output of scattering process. The observed nonclassicality disappears in both spontaneous and partial spontaneous cases.
Similarly, using Eq. (4) in Eq. (10), the expressions for intermodal squeezing in all the cases can be obtained. Here, we are not giving the expressions and would like to emphasize the relevance of frequency detuning and more general nature of solution. Specifically, intermodal squeezing in pump-phonon, pumpanti-Stokes, and Stokes-phonon modes were established through short-time solution in the past [34] . Here, we have not only observed these nonclassical features, we have also established the presence of intermodal squeezing in pump-Stokes, Stokes-anti-Stokes, and phononanti-Stokes modes, which can be observed to depend upon the frequency detuning in Stokes generation (cf. Fig. 1 
In case of squeezing observed in the pump-Stokes mode (in Fig. 1 (b) ), it can also be attributed to the more general nature of solution, which contains the negative terms dominating for longer time evolution.
D. Wave variances
Using the Gaussian behavior of the obtained normal characteristic function (3) ∆W i ∆W j as [16] 
and 
for pump and phonon mode, respectively. The pump mode shows antibunching (i.e., has negative values of fluctuation) for both zero (shown in [16] ) and non-zero (present case) values of frequency detuning. However, Stokes and anti-Stokes modes fail to show antibunching in both cases. While the phonons can be shown to exhibit antibunching for large values of detuning in the Stokes generation. Nonclassicality in both these cases can be observed to disappear in spontaneous case.
These variances further allow us to calculate nonclassical sum-or difference-variances defined as [16] (∆W ij )
(15) In the present case, we have computed the sum and difference variances using Eq. (4) in Eqs. (12), (13) , and (15) , and observed nonclassicalicality reflected through this witness in all combinations. Note that the previous studies were successful in detecting the nonclassicality reflected through this criteria only in some cases [34] . Specificly, due to frequency detuning parameters being non-zero in our present solution, wave variances also become functions of frequency of the corresponding modes as well. Particularly, the value of the frequency of the phonon mode is expected to be much smaller compared to that of the photon modes, and thus leads to fast oscillations in the short-time scale while revealing corresponding nonclassical behavior. Therefore, the present study revealed that frequency detuning can play an important role as it leads to the presence of abundant nonclassical features.
Nonclassical properties in the Raman and hyperRaman processes studied using a different set of criteria could not demonstrate most of the results reported here as the effect of frequency detuning was not included there [15] . In what follows, we will consider an interesting case, i.e., when the phonon mode is initially chaotic.
IV. NONCLASSICALITY CONSIDERING PHONON MODE CHAOTIC
We can further obtain the characteristic function considering the phonon mode chaotic (with average phonon number n V ), while the rest of the modes are initially in coherent state, to observe the nonclassicality in the states generated in the off-resonant Raman process. The form of the characteristic function remains unchanged, i.e., can be defined by Eq. (3), while different terms in (3) are now defined as (16) considering phonon mode chaotic to observe the nonclassicality in the states generated in the off-resonant Raman process with specific interest in the frequency detuning parameter. It is worth mentioning here that the characteristic functions obtained considering phonon mode coherent and chaotic match exactly if the phonon mode is initially in vacuum state, i.e., ξ V = n V = 0. This fact serves as a consistency check for the obtained solutions and will be used in the last section to study joint-photon number and integrated intensity distributions in this case. The obtained characteristic function (16) can further be reduced to corresponding short-time case [34] , where B V (t) ≈ n V .
A. Intermodal entanglement
Using the condition for entanglement (5) and the terms of the characteristic function defined in Eq. (16), we have obtained the parameter (K ij ) ± for different combinations, and obtained
while the rest of the combinations yield value zero. One can clearly observe that (K SV ) ± are always negative, thus showing that Stokes-photon mode is always entangled. It is noteworthy that we have observed the same behavior considering phonon mode coherent earlier (in Eq. (7)), here the value of the entanglement witness is further enhanced due to factor ( n v + 1), which is expected to help in the experimental verification of the present result. Unlike this, (K LV ) − fail to show entanglement, but (K LV ) + is always negative and thus establishes the inseparability of pump and phonon modes. Hence, the present study revealed that the phonon mode is always entangled with both pump and Stokes modes. Further, in case of spontaneous process, only Stokes-phonon entanglement could be observed, and the results are non-conclusive in the rest of the cases. The present result establishes that entanglement (in Stokes-phonon and pump-phonon modes) is neither restricted to short-time regime nor frequency matching conditions and thus eliminates these restrictions.
B. Sub-shot noise
Using the condition for sub-shot noise (8) with Eq. (16) we have obtained C ij ∀i, j, as
while the rest of the terms are zero. This shows the presence of sub-shot noise nonclassical feature even in the absence of intermodal entanglement (in anti-Stokes-phonon mode) and thus it establishes the relevance of studying entanglement and sub-shot noise separately. Thus, pump-phonon, Stokes-phonon, and anti-Stokes-phonon modes exhibit sub-shot noise. Notice that the presence of nonclassicality can be established in all these combinations for the partial spontaneous process (i.e., considering nonzero I A ), while except pump-phonon mode the rest of the modes show this feature even in spontaneous case.
C. Single-mode and intermodal squeezing
We will further study single-mode and intermodal squeezing with chaotic phonons. We restrict our discussion here on the nonclassicality observed in the modes 9), we obtained
while the squeezing parameter is always greater than 1 for Stokes and anti-Stokes modes and thus do not show any signature of squeezing in these cases even with chaotic phonon. From the obtained expression (20) for the pump mode, we have observed that nonclassicality can be obtained (cf. Fig. 2) . Clearly, the presence of nonclassicality prefers lower values of average phonon number and higher values of frequency detuning. Similarly, using Eq. (16) in Eq. (10), the expressions for intermodal squeezing are obtained for all the cases except involving phonon mode and observed that nonclassicality can be observed. Here, we refrain from further discussion of these cases.
D. Wave variances
The fluctuation quantities using Eqs. (16) in Eq. (12) for chaotic phonon lead to
in case of pump mode, while the rest of the modes did not show nonclassicality. Specifically, in the pump mode lower values of average phonon number and higher values of frequency detuning are preferable. The correlation fluctuation can also be computed in this case using Eq. (12) . We have further calculated the sum and difference variances using Eq. (15) and observed that for higher values of frequency detuning this nonclassical feature can be observed for even large average phonon numbers.
V. JOINT PHOTON-PHONON NUMBER AND WAVE DISTRIBUTIONS
Nonclassicality in several processes has been studied using joint photon number and integrated intensity distributions ( [12, 34] and references therein). Here, we have performed a similar study for the off-resonant Raman process assuming phonon vacuum (justified at room temperature), i.e., n v = 0.
Interestingly, under this condition, for the spontaneous process, B L = B V = −K LV while the rest of the parameters in characteristic function (16) for pump and phonon modes are zero. Using this fact, we can write the joint photon-phonon number distribution [12] as
which clearly indicates pair generation. Corresponding s ordered integrated intensity quasidistribution [12] is obtained as with s as an ordering parameter. A threshold value of the s parameter can be calculated as s th below (above) which the obtained quasidistribution behaves like a classical probability distribution (it can have negative values and thus shows signature of quantumness). The threshold value is calculated in this case as s th = 1 + 2B S − 2 √ B S , shown by the blue surface plot in Fig. 3 , where we can clearly see the value of this parameter to increase (and thus parametric region of nonclassicality to decrease) with increasing frequency detuning. Therefore, the s ordered integrated intensity distribution shows the nonclassical behavior for larger range of s if the frequency matching condition is satisfied.
In case of the pump-phonon mode, considering the partial spontaneous process, i.e., I A > 0 while I S = 0, we have B L = B V − B S = −K LV while the rest of the parameters for both pump and phonon modes are zero. With the help of these values, we can write the joint pump-phonon number distribution as
if n V ≥ n L , and the distribution is zero for n V < n L . We further calculate the threshold value of s parameter in the present case and obtain s th = 1 + 2B L + B S − 2 √ B L . As shown in Fig. 3 , the value of this parameter does not vary as rapidly as in the previous case of Stokes-phonon mode. However, we can observe the effect of frequency detuning which, in sharp contrast to the previous case, shows an increase in the nonclassical regime with increasing frequency detuning. In fact, for large frequency detuning in Stokes generation pump-phonon mode has a lower value of the threshold parameter than corresponding parameter for Stokes-phonon mode. This shows that the frequency detuning in Stokes generation favors nonclassicality observed in pump-phonon mode, but suppresses it in Stokes-phonon mode. Due to very small variation in s th for pump-phonon mode, we have chosen s = 1 here and obtained Glauber-Sudarshan integrated intensity quasidistribution for pump-phonon mode as
We will further discuss the joint photon-phonon number distribution and show its dependence on the various parameters. Note that the distributions of Stokesphonon mode depend only on the detuning parameter in Stokes generation, while pump-phonon distributions are functions of both detuning parameters. Specifically, as already mentioned for the resonance conditions, our results match with those for short-time case [34] . Here, we observe that in case of Stokes-phonon mode, joint photon-phonon number distribution decreases with frequency detuning in Stokes generation and for the higher values of the number of photons/phonons (cf. Fig. 4  (a) ). This is consistent with the previous results where the same behavior with photon/phonon number was observed in frequency matched condition [34] . For such small photon/phonon numbers, we have observed from the time evolution of the joint photon-phonon number distribution that the distribution has a maximum value at zero detuning (see Fig. 4 (b) ). Similarly, we have shown in Fig. 4 (c) that the joint photon-phonon number distribution for pump-phonon mode is affected dominantly due to frequency mismatch in anti-Stokes gener- ation than that in Stokes process. For ∆ω 1 , the maximum value of distribution is obtained for non-zero detuning, while distribution is maximum for ∆ω 2 = 0. The effect of frequency detuning in Stokes/anti-Stokes generation is further discussed with the dependence of the joint distribution on the number of pump photons in Fig.  4 (d) . A particularly interesting choice of parameters ∆ω 1 = ∆ω 2 corresponds to conservation of radiation energy as 2ω L = ω S + ω A , and ∆ω 1 = −∆ω 2 leads to vibration excitation 2ω V = ω A − ω V . In the present case, we observed that the results are same in these two special conditions.
Further, nonclassicality reflected through the negative values of the integrated intensity distributions is observed in both Stokes-phonon and pump-phonon modes. Specifically, time evolution of integrated intensity distribution in both these cases shows that nonclassicality increases with interaction time (cf. Fig. 5 ). Stokes-phonon intensity distribution becomes negative for smaller values of phonon intensity (cf. Fig. 5 (a) ), while pump-phonon intensity distribution shows nonclassicality only in specific case (cf. Fig. 5 (b) ). This nonclassical feature is further discussed to analyze the effect of frequency detuning on the observed behavior in Figs. 6 and 7 . Specifically, we have observed that it takes some time for the Stokesphonon intensity distribution to show nonclassical fea- ture, which shows the similar variation for a wide range of frequency detuning (cf. Fig. 6 (a) ). In general, the smaller values of both intensity of phonon mode and frequency detuning are preferred to observe nonclassicality (cf. Fig. 6 (c) ). However, larger values of ∆ω 1 show nonclassicality with lower values of Stokes intensity (cf. Fig. 6 (b) ).
A similar study for pump-phonon intensity distribution reveals that small (large) values of frequency detuning in Stokes (anti-Stokes) process are preferred for the generation of this nonclassicality in pump-phonon intensity distribution (shown in Fig. 7 (a) ). Independently, time evolution of the negative region of the integrated intensity distribution for pump-phonon mode illustrates for photon and phonon frequency matching conditions (i.e., ∆ω = ∆ω 1 = ±∆ω 2 ) that at larger values of the rescaled time, nonclassicality is generated for intermediate values of frequency detuning in Fig. 7 (b) . Further analysis of the dependence of integrated intensity distribution on the intensity of pump and phonon modes (in Fig. 7 (c) and (d)) shows that for lower intensity of pump (phonon) mode nonclassical features are dominant for smaller (larger) values of ∆ω. The nonclassicality is observed for very small values of intensity of phonon than that of the pump mode. 
VI. NONCLASSICALITY USING JOINT NUMBER DISTRIBUTION: DIFFERENCE AND CONDITIONAL NUMBER DISTRIBUTIONS
The joint photon number distribution obtained in the previous section also allows us to study nonclassical features. For instance, the conditional Fano factor defined as
which shows nonclassicality for F i,c < 1. As Stokes and phonon modes are already shown to be generated in pair, we discuss here pump-phonon mode only. In this case, conditional Fano factors for the pump and phonon modes are
and respectively. We can clearly observe that pump mode shows signatures of this nonclassical feature for any value of frequency mismatches as the quantity (27) is always less than unity (it always holds here that B L < B V ). In case of the phonon mode, we have shown the conditional Fano factor as a function of frequency detuning ∆ω in Fig. 8 for equal or opposite photon and phonon detuning and have shown that nonclassicality can be observed in general, but for small values of frequency detuning and photon numbers in the pump mode. Specifically, in this case as well, we can observe that with the increase in frequency detuning the nonclassicality present in the phonon mode becomes prominent. We have also obtained corresponding conditional number distributions as (using Eq. 25 of [12] )
This provides declination from ideal diagonal distribution (that we obtained for Stokes-phonon joint number distribution in Eq. (22)), which is shown as a function of frequency detuning parameters in Fig. 9 . We can observe in Fig. 9 (a) that smaller values of ∆ω 2 and larger values of ∆ω 1 give higher values of conditional photon number in pump mode (similar to Fig. 4 (c) ). Similarly, time evolution of conditional phonon number distribution in Fig. 9 (b) shows that lower values of frequency detuning ∆ω at photon and phonon matching provide higher values to this parameter (as in Fig. 4 (d) ). To characterize the nonclassical features and the quality of photon-phonon pair generation in pump-phonon case, we have computed the difference number distribution (using Eq. 26 of [12] ) as
while Poissonian distribution for the same two combined modes will be
A combined plot of these two quantities ( (30) and (31)) shows that with a proper choice of frequency detuning both sub-Poissonian and super-Poissonian characters can be observed in Fig. 10 (a) in the difference number distribution for the same set of the rest of the parameters. It is worth mentioning here that the choice of the parameters is such that the short-time solution [34] shows superPoissonian difference number distribution. We have also discussed the case when detuning in Stokes generation is same as that of anti-Stokes generation, i.e., in photon and phonon matching conditions, and observed that the difference number distribution remains sub-Possonian for smaller values of the number of photons (cf. Fig. 10  (b) ).
VII. CONCLUSIONS
The characteristic function for the off-resonant Raman process is obtained and shown to be Gaussian for all values of frequency detuning. The obtained characteristic function is shown to be more general than corresponding characteristic function obtained from the short-time solution, which can be obtained in the limiting case by considering either resonance condition or short-time approximation. The present study supports the results reporting nonclassical behavior in the short-time approximation and establishes that the validity of the short-time solution may be in the larger domain of time than usual expectations.
In general, resonance conditions are associated with the performance of a nonlinear process, and in the present case Stokes and anti-Stokes generations are expected to be high in that case. This fact is also reflected through the joint Stokes-phonon number distribution discussed here. In contrast, we have shown here that the single-and two-mode nonclassicality in photon and phonon modes can be induced in the off-resonant conditions. Specifically, the present results establish that phonon mode remains entangled with both pump and Stokes modes for arbitrary value of frequency detuning for both initial coherent and chaotic phonon conditions. Sub-shot noise is observed in all the cases when entanglement is observed; on top of that, anti-Stokes-phonon mode with chaotic phonons also shows this nonclassicality. The presence of single-mode and intermodal squeezing for non-zero detuning certainly establishes the advantage of off-resonant Raman process in the generation of nonclassical states. Squeezing in the pump mode is favored by the higher values of frequency detuning in the Stokes generation for chaotic phonon. The pump mode is also obtained to be antibunched for both coherent and chaotic photons. On top of that, antibunching of phonon mode due to non-zero detuning may have applications in cavity optomechanics. The presence of two-mode correlations revealed through sum-and difference-variances is also complemented by the non-zero frequency detuning. We have summarized the nonclassical features that can be induced due to non-zero detuning in the off-resonant Raman process with coherent phonons in Table I .
Subsequently, the joint photon number distribution for the pump-phonon and Stokes-phonon modes are obtained, which can be used to verify the quality of Stokesphonon and pump-phonon pair generations with the help of conditional and difference photon/phonon number distributions. The joint pump-phonon number distribution is higher at the Stokes resonance condition which is an outcome of higher rate of Stokes generation. In contrast, joint pump-phonon number distribution prefers non-zero frequency detuning in Stokes process and frequency matching in anti-Stokes process, which can be attributed to the fact that a higher number of anti-Stokes photons annihilate to regenerate the pump-phonon pairs at anti-Stokes resonance. The nonclassicality reflected through conditional Fano factor, sub-Poissonian behavior of the difference number distribution is supported by the nonclassicality illustrated with the help of integrated intensity distributions. In both these cases, advantage of off-resonant Raman process is clearly visible. Particularly, a variation of the threshold parameter establishes that the quantum features shown by integrated intensities can be enhanced by controlling the frequency detuning. The effect of phase matching conditions in the generation of nonclassicality in the off-resonant Raman process may also lead to interesting results. Further, offresonant hyper-Raman process is also expected to give non-Gaussian characteristic function and several interesting nonclassical features. We hope that analogous to the advantages in the field of quantum information processing, which are exploiting the facts originally thought to be the limitation of quantum theory, the present results on the off-resonant Raman process find applications through the generation of nonclassical states in these conditions. With recent improvements in experimental facilities to control detuning at the single photon level, we expect the present results to be useful there.
